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We calculate the thermal Casimir effect for a dielectric tube of radiusR and thicknessd formed from a
membrane in water. The method uses a field-theoretic approach in the grand canonical ensemble. The leading
contribution to the Casimir free energy behaves as −kBTLkc/R giving rise to an attractive force which tends to
contract the tube. We find thatkc,0.3 for the case of typical lipid membranet tubules. We conclude that
except in the case of a very soft membrane this force is insufficient to stabilize such tubes against the bending
stress which tends to increase the radius.
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Lipid bilayers in water exhibit a huge variety of geom-
etries and in cell biology even more varied structures arise.
In order to understand where biological mechanisms, such as
molecular motors and cytoskeletal structures, are determi-
nant in the stability of biological structures, one must first
understand the role of the basic physical interactions in pure
model membrane systems. There has been much study of
lipid bilayer shape using standard continuum mechanics
f1,2g. This basic approach is also complemented by more
microscopic studies based on lipid-lipid interaction models
f2,3g; this approach is of course ultimately necessary to fully
understand the physics of bilayers.

In certain muscle cells, structures known ast tubules are
found. These are basically cylindrical tubes whose surface is
composed of a lipid bilayer. Similar structures may also be
mechanically drawn off bilayer vesicles. The stability of
these tubular structures requires an explanation. The basic
continuum theoryswhere the native curvature is zerod f1,2g
predicts that the free energy of a tube of lengthL and radius
R is

FbsL,Rd =
kBTkbL

R
, s1d

where the above expression is strictly speaking the excess
free energy with respect to a flat membrane of the same area
A=2pRL and the subscriptb refers to mechanical bending.
Various experimental and theoretical estimates for the bend-
ing rigidity kb defined as abovesour kb=pkb8, wherekb8 is
the conventionally defined rigidityd can be found in the lit-
erature; experimental estimatesf2g lie between 10 and 100
although certain theoretical models predict regimes wherekb
is of order 1f3g. The values ofkb depend of course on the
composition of the bilayer and on the experimental protocol
used to measure it. One crucial element in both theoretical
and experimental determinations ofkb is whether the tube is
attached to a reservoir of lipid or not, i.e., whether the sta-
tistical ensemble is grand canonical or canonical. Clearly if
there is no reservoir then any increase in the surface area of
the tube will lead to a less dense lipid surface concentration,
in this case water may be able to come in contact with the

internal layer composed of the hydrophobic heads and so
lead to a significant increase in free energy. If upon changing
the area of the tube, lipids can flow into the tube wall to
maintain the local optimal packing, then the free energy cost
will be substantially different. This bending free energy is
positive and hence in the absence of external forces or extra
constraints it tends to make a tube structure expand. We note
that when lipid tubes are drawn from a vesicle the mechani-
cally applied tension can of course overcome this free energy
barrier f4g. A natural question, motivated by the fact that
such structures occur in cells, is whether other physical
mechanisms could lead to their formation and explain their
stability. A possible explanation put forward is that that elec-
trostatic effects involving surface charges and ionsssaltd in
the surrounding medium could play a rolef5–7g. Certain
experiments however showed a relative insensitivity of the
equilibrium tube structure to the concentration of saltf6g,
although there exist systems with highly charged head
groups where the salt concentration does appear important in
determining the stability of the tubulesf8g. Another explana-
tion has been put forward in terms of the geometry of the
lipid, notably the tail having a structure such that there is a
preferred orientation of the tails next to each other, giving
rise to a chirality which stabilizes the tubesf9–13g.

In this paper we investigate the possibility that a static van
der Waals or thermal Casimir force could provide an attrac-
tive force across the tube leading to its stabilization. We
adopt a continuum model where the lipid bilayer is modeled
as a layer of thicknessd<5–10 nm and of dielectric constant
eM <2e0. The surrounding water is also treated as a dielectric
continuum of dielectric constanteW<80e0. We shall also
adopt a model where the lipid tube is fixed at each end to a
flat lipid reservoir and so work in the grand canonical en-
semble. The behavior of systems composed of layers of vary-
ing dielectric constants was first studied by Lifshitz and co-
workersf14,15g. The formalism developed is an elegant way
of taking into account van der Waals forces in a continuum
theory. Two types of van der Waals forces are accounted for
in theses theories, firstly zero frequency van der Waals forces
whose nature is classical, and secondly the frequency depen-
dent ones due to temporal dipole fluctuations. In terms of
thermal field theory the former correspond to modes with
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zero Matsubara frequency and the latter to the modes of non-
zero frequencies. These latter terms require information
about the frequency dependence of the dielectric constants,
whereas the former only requires the static dielectric permit-
tivity. In this paper we will calculate the contribution of the
zero-frequency mode, alternatively known as the thermal Ca-
simir effect. The quantum Casimir effect corresponding to
the modification of the ground state energy of the electro-
magnetic field has been intensively studied in the case of
idealized boundary conditions in a variety of geometries in-
cluding spheres and cylindersf16g. The thermal Casimir ef-
fect investigated here has a similar mathematical structure
though the corresponding effective spatial dimension is one
less. The temperature dependence of the full Casimir effect
in a simplified model of a solid dielectric cylindersand
sphered has been recently examined using a heat kernel co-
efficient expansionf17g. In our analysis of the diffuse limits
we make use of summation theorems for Bessel functions
which were introduced for the study of the Casimir energy
for cylinders with light-velocity conserving boundary condi-
tions f18g.

We find that the thermal Casimir effect gives a contribu-
tion to the excess free energy of the tube relative to that of
the flat plane of

FcsL,Rd = −
kBTLkc

R
+ OS d

R2D , s2d

with

kc =
D2

64
f3 logsLdd + 0.02954g + D4BsD2d, s3d

with D=seW−eMd / seW+eMd and where numerically we find
that BsD2d is only slowly varying withBs0d,1/8. HereL
<p /a is the large wave-number, ultraviolet, cutoff which is
phenomenologically expressed in terms of microscopic cut-
off a corresponding to the molecular size below which the
continuum picture of the dielectric medium breaks down. It
is not a priori clear whether the cutoffa should be associated
with the water or the lipid or indeed both; we discuss this
point later. In this expression the coefficient ofD2 is domi-
nated by the logarithmic term, the constant contribution be-
ing typically only of order 1%, and thesestimatedd OsD4d
term is of comparable size for large enoughD.

We note that the sign ofFc is negative and that it has the
same functional form as the bending free energyFb, meaning
that the thermal Casimir force tends to collapse the tube and
so helps to stabilize the system against the bending forces.
We shall show later that with reasonable physical parameters
kc<0.3–0.5. We conclude that it is unlikely that the Casimir
attraction is able to overcome the repulsion due bending that
is predicted by current theories and measured by experiment.
However, the results of this paper are important for several
reasons.

We show that the thermal Casimir effect tends to contract
the tube structure.

The presence of the microscopic cutoff inkc shows that
the physics is ultimately dominated by the short scale or
ultraviolet physics. This means that weak electrolyte concen-

trations will have little effect on the system as verified by
experimentsf6g given that there are no strong surface
charges.

Further attractive interactions will be generated by the
nonzero frequency Matsubara modes.

At a technical level we use the Pauli van Vleck formula to
evaluate the arising single body path integrals. This tech-
nique is direct and well suited to layered systems.

In what follows we shall sketch the calculation of the
thermal Casimir free energy in the absence of electrolyte.
The full calculation is rather lengthy and it will be presented
in the general case with electrolyte in a more detailed longer
paperf19g.

The partition function for the zero frequencysstaticd fluc-
tuations of electrostatic field in a medium of varying dielec-
tric constantesxd is given byf20g

Z =E dffgexpS−
b

2
E dx esxds¹fd2D . s4d

In the model we shall consider the functionesxd=esrd where
r is the radial coordinate from the center of the tube. The
total length of the tube isL and the coordinate along the
length of the tube is denoted byz[ f−L /2 ,L /2g. At the ex-
tremities of the tube are two flat bilayers which act as a
reservoir for the material from which the tube is made. We
consider the limitL@R so as to be able to neglect edge
effects where the tube meets the reservoir. The interior of the
lipid tube is taken to be atR1=R−d /2 and the exterior at
R2=R+d /2. In terms of the coordinater we thus have

esrd = eW, r , R1 andr . R2,

esrd = eM, R1 , r , R2. s5d

Using the radial symmetry of the problem we express the
field f in cylindrical coordinates as

fsr,z,ud = o
n=−`

`

o
k

Xn,ksrdexpsikzdexpsinud. s6d

The functional integral now factorizes into a product of non-
interacting path integrals. Taking the limit ofL large we find

FsR,eW,eM,dd = − kBTLo
n
E dk

2p
ln„Zn,ksR,eW,eM,dd…,

s7d

where

Zn,ksR,eW,eM,dd =E dfXgexpX−
b

2
E

0

`

esrd

3FSdX

dr
D2

+ Sn2

r2 + k2DX2GC . s8d

As we are only interested in the dependence of the free
energy as a function ofR we may work with the free energy
normalized with respect to that of pure water with no tube. In
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this model it is equivalent to subtracting off the free energy
of a system whereeW=eM. This regularized free energy is
thus

FsR,eW,eM,dd = − kBTLo
n
E dk

2p
lnSZn,ksR,eW,eM,dd

Zn,ksR,eW,eW,dd D .

s9d

In order to evaluate the individual kernels we make use of
the Pauli van Vleck formula which is exact for quadratic
actions. If Sft1,t2,Xg is an action quadratic inX, as is the
case here, the Pauli van Vleck formula gives

Kst1,t2;X,Yd =E
Xst1d=X

Xst2d=Y

dfXgexps− Sft1,t2,Xgd

= S−
1

2p

]2Sft1,t2,Xclg
]X ] Y

D1/2

3exps− Sft1,t2,Xclgd, s10d

where Xcl is the classical path minimizing the action
Sft1,t2,Xg given by dSft1,t2,Xg /dX=0 and with the condi-
tion that the end points are fixed atX andY. If the actionS is
quadratic thenSft1,t2,Xclg is a quadratic form inX andY and
it only remains to evaluate the resultingsordinaryd Gaussian
integrals after obtaining the necessary expressions for
Sft1,t2,Xclg, one obtainsf19g

FsR,eW,eM,dd
LkBT

=
1

R1
gsLR1,Dd +

1

R2
gsLR2,− Dd

+ hsR1,R2,L,Dd + msL,Dd, s11d

whereL=p /a is the ultraviolet cutoff corresponding to the
length scalea. In Eq. s11d we have

gsx,Dd =
1

2p
o
n
E

0

x

du lnf1 + Du„InsudKnsud…8g,

hsR1,R2,L,Dd =
1

2
E

0

L dk

p
o
n

ln†1

+ h4D2k2R1R2In8skR1dInskR1dKn8skR2dKnskR2d

/„1 + DkR1fInskR1dKnskR1dg8…

/„1 − DkR2fInskR2dKnskR2dg8…j‡,

msL,Dd = −
1

2
E

0

L dk

p
o
n

lns1 − D2d, s12d

whereIn andKn are the modified Bessel functionsf21g. The
contribution LkBTgsLR,Dd /R is the free energy of an iso-
lated cylinder of lengthL, radiusR and dielectric constanteM
in a medium of dielectric constanteW. Thus the first two
terms in Eq.s11d are the respective separate contributions of
the inner and outer cylindrical regions that form the layer of
thicknessd=R2−R1; the termLkBThsR1,R2,L ,Dd is the con-
tribution from the interaction between the cylinders. The
function gsx,Dd diverges asx→` and so this term in the
free energy must be regulated by taking a nonzero cutoffa.

Viewed as a Taylor expansion inD we find that theOsDd
term ofg is independent ofR and thus in the free energy the
contributions proportional toD cancel. This to be expected
on physical grounds since by examining the limit of a diffuse
system one can see that any term proportional toD must be
a self-energy termf19g. The term of orderD2 can be evalu-
ated to be

gsx,Dd = −
1

256
D2f6 logsxd + 30 log 2 + 6g − 11g + OsD4d.

s13d

This term is the leading term in the diffuse limit and the
derivation uses Bessel function summation theorems ex-
ploited in f18g. The same form for the high temperature ex-
pansion for a solid dielectric cylinder was obtained inf17g.

The functionh is finite in this same limit and the termm,
though divergent, is independent ofR and cancels when the
free energy of the bulk in the reservoir is subtracted. The
OsD2d contribution tohsR1,R2,L ,Dd is given by

hsR− d/2,R+ d/2,L,Dd

=
3

64

D2

R

1 − y2

y2 E
0

`

dz
y2z4 − 1

s1 + z2y2d1/2s1 + z2d5/2, s14d

wherey=d /2R.
Taking account of the bulk reservoir and imposing overall

conservation of surface area, the relevant free energy is that
of the tube less the free energy of a flat membrane of the
same area

FcsR,eW,eM,dd = FsR,eW,eM,dd − 2pRLFf , s15d

whereFf is the free energy per unit area of a flat membrane,
which is be given by

Ff =
1

2pL
lim
R→`

1

R
FsR,eW,eM,dd, = −

kBT

16pd2 o
m=1

`
D2m

m3 s16d

and can be computed directly in a planar geometry by a
variety of methodsf15g, including the path integral technique
used heref20g. The contribution toF in this limit arises only
from the functionsh andm in Eq. s11d and the latter cancels
identically. After subtraction, the dominant contribution,
hCsR,y,L ,Dd, from h is the leading 1/R term, and we find to
OsD2d:

hCsR,y,L,Dd =
3

64

D2

R
flogsyd + 2 log 2 − 1/2g. s17d

Putting our results together we find thatkc, as defined by
Eq. s2d, is given by

kc =
D2

64
F3 logSpd

a
D + 6 log 2 + 3g − 4G + D4BsD2d,

s18d

where the constant inside the bracket is evaluated to be
0.02954… . An important point here is the exact cancellation
of the lnsRd terms coming fromg and h, giving a leading
order behavior ofFc,1/R. The function BsD2d receives
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contributions from both theg and h terms in Eq.s12d with
Bs0dÞ0. Note that there are no odd terms inD in the leading
1/R behavior ofFc as, to leading order, one may setd /R
=0 in the leading order behavior ofg and in the denominator
of the second term in the logarithm of the integral definingh.
This is a consistent parametrization whilstd@a. The limit
d→0 must be taken carefully and whend,a the separation
of F in Eq. s12d into contributions from functionsg andh is
not useful sinceh develops the compensating ultraviolet di-
vergence to that ing and we find limd→0Fc=0, as expected;
in essence, the larger ofd anda acts as the ultraviolet cutoff
on the integral definingh. We note that the dependence ofkc
on the membrane thicknessd is considerably different from
that predicted for the mechanical bending energy, which is
f2,22g kb,d2 and is verified experimentallyf22g if an offset
of the measured lipid layer thicknessd is used. Of coursekb
as measured experimentally should bekb+kc and the form

predicted here forkc is compatible with the qualitative be-
havior seen in measurementsf22g.

In Table. I, for various values ofD andd /a, we compare
the prediction of Eq.s18d with the result of numerical inte-
gration and deduce a numerical value forBsD2d. Owing to
small systematic errors in the numerical calculation of the
Bessel functions there is a tiny discrepancy for very smallD
but BsD2d is seen to be a constant function from evaluations
at largerD and we see thatBs0d is plausibly 1/8.

The physical value of the ultraviolet cutoff length can
only be determined phenomenologically. This is because the
model is an effective field theory in which the dynamics of
the molecular electric dipoles is described by the dielectric
constant which is a static long-range parameter. The field
modes with large-k and n probe the static short distance
properties of the model and so a more refined field theory is
needed for these scales. It is unclear whether the molecular
nature of the lipid has an effect on the ultraviolet cutoff but it
would seem most likely that the effective value ofeW at short
scalessi.e., the microscopic details of waterd is dominant in
this calculation.

From Table I we see that for a lipid bilayer tube in water
with d=10 nm anda=0.1 nm we findkc=0.346. If we were
to include the contributions from the modes with non-zero
Matsubara frequencies, a calculation in progress, we can ex-
pect at most a factor of two or so enhancement based on past
experience of similar calculationsf15g, and sokc,1 is a
likely largest value. These magnitudes are at the lowest end
of those forkb for known lipid bilayers in waterf2,3g. How-
ever, Würgerf3g calculateskb for surfactant films, analyzing
the role of hydrophobic tails, as a function of the tail length
and the area per molecule, and finds a wide range of values
for kb sagainkb=pkb8, with kb8 from Ref. f3gd including val-
ues small enough, corresponding to soft interfaces, to be bal-
anced by our result. Thus it is conceivable that there can be
small tubes formed from very soft membranes in water for
which the bending forces tending to expand the radius are
compensated by the Casimir attraction, and the tube is stabi-
lized by subleadingOs1/R2d forces.
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TABLE I. For various values ofD and d /a we compare the
prediction of Eq.s18d with numerical integration and deduce a nu-
merical value forBsD2d. Owing to small systematic errors in the
numerical calculation of the Bessel functions there is a negligible
discrepancy for very smallD but BsD2d is seen to be a constant
function from evaluations at largerD. We see that the result forFc

from Eq. s18d is in very good agreement with the full calculation.
Various values ofd anda were used but typicallyd=1–10 nm.

D d /a

OsD2d
coeff. of 1/R
from Eq. s18d

Coeff. of 1/R
from numerics BsD2d

78/82 103 20.342 20.443 0.123

78/82 102 20.244 20.346 0.123

0.6 103 20.1361 20.1520 0.123

0.6 102 20.0972 20.0162 0.123

0.2 103 20.0151 20.0162

0.6 103 20.0038 20.0040
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